The second-order Green's function is applied to the discussion of paramagnetic phase of the Heisenberg antiferromagnet. The decoupling parameter is introduced to ensure the self-consistency requirement. High-temperature expansions of the thermodynamic quantities are obtained. The temperature of the minimum inverse susceptibility Om1n(k8 T/J) =3.10 is higher than the Neel temperature ON=2.08 in the simple-cubic lattice. In the linear and square lattices, there is no finite temperature for the infinite staggered susceptibility, the specific heat has a broad maximum at a finite temperature and the inverse susceptibility is a finite value at zero temperature. The nearest neighbour correlation functions are -0.139 and -0.103 for the linear and square lattices, respectively. § I. Introduction
The second-order equation of the Green's function has recently been applied to the Heisenberg spin system in the paramagnetic phase. 1 >~7> Knapp and ter Haar's 1 l and our previous papers 2 J,SJ discussed the Heisenberg ferromagnet. Richards 4 > and Scales and Gersch 6 l discussed the one-dimensional Heisenberg antiferromagnet. Kondo and YamaW> and Scales and Gersch 7 l discussed both at the same time. They yielded the inadequate excitation energy, because they did not distinguish the same sublattice Green's functions from the different sublattice ones. They obtained the equations for the antiferromagnet by means of replacement of an exchange constant J with -J in the solutions of the Green's function equations for the ferromagnet.
In the present paper, confining ourselves to the cases of spin one half and an isotropic system, we search for the paramagnetic phase of the antiferromagnet by adopting the same and different sublattice Green's functions. So far, the high-temperature series expansion theory (1/T Series) for the Heisenberg ferromagnet has developed in detail since Opechowski 8 l and Brown and Luttinger 9 > discussed this model; however for the Heisenberg antiferromagnet the theory has little developed except for the high-temperature series expansions for the staggered susceptibility. 10 l Our result for the staggered susceptibility agrees with Rush brooke and Wood's result up to order e-s.
we define the Neel temperature eN as the point where the staggered susceptibility is infinite. In the simple cubic lattice we. obtain eN= 2.08, which is K. Fujii compared with eN= 2.15 in 1/T Series/ 0 ) and the temperature of the mmlmum inverse susceptibility Bmin = 3.10. The Curie temperature Be= 1.85 in the previous paper 8 l is the point which gives the infinite susceptibility. Therefore, in our theory Be coincides with neither eN nor Bmin, i.e., our equation in which the temperature is reduced by Be do not give the minimum inverse susceptibility and the infinite staggered susceptibility. 11 l• 12 l
In the linear and square lattices there is no finite eN, because at a finite temperature the staggered susceptibility is not infinite and the specific heat has a broad maximum. This satisfies Mermin and Wagner's results 18 l that these lattices cannot be ferromagnetic or antiferromagnetic at a finite temperature. We get the nearest neighbour correlation function which satisfies Anderson's inequality 14 l at the ground state.
In § 2 the second-order Green's function is introduced, and a decoupling scheme is proposed to obtain the solutions of the Green's function. In § 3 the parallel and staggered susceptibilities, and the excitation energy are obtained in the paramagnetic phase. In § 4 the high-temperature behavior of the thermodynamic quantities is discussed in the linear, square and simple cubic lattices. In § 5 the values of the thermodynamic quantities near the critical temperature in the simple cubic lattice and at low temperatures in the square and linear lattices are examined by numerical calculation for the decoupling parameter, the nearest neighbour correlation function and the inverse of the susceptibility. Section 6 is concerned with results and discussion. § 2. Second-order Green's function
The Hamiltonian of the Heisenberg antiferromagnet with nearest neighbour interactions takes the form in zero external magnetic field:
where J is the exchange constant, l and m denote + and sublattices of N /2 spins of magnitude 1/2, respectively, and .:1 indicates a nearest neighbour vector. In what follows, we confine ourselves to the case of the paramagnetic phase.
The equation of motion of the Green's function 16 l is defined by using the time Fourier transformation:
The second-order equation of motion of the Green's function is obtained: We adopt the following decoupling scheme:
The second-order equation of motion of the Green's function (3) IS rewritten by '
w«S!+JS/; S/)) = 2
and we have a similar equation for ((S1-S/+-4 ; S/)). Substituting Eq. (5) and its counterpart into Eq. (2), we obtain the equation of motion of the Green's function:
Making use of the spatial Fourier tsansformation, G~, G~ and rk are defined
where k is a wave vector which runs over 1/2 N points in the first Brillouin zone of the reciprocal sublattice and D denotes the dimension. We rewrite Eq. (6) as follows:
From Eqs. (10) and (11), making use of the isotropic property (S;-S 1 +> = 2(S;"S/), Gk (w) and G~ (w) are determined as
where uk and vk stand for 1-rk and 1 + rk, respectively, and
and C~=(So•S/) and CJ, 4 ·=(S/S;.).
The Fourier component of the correlation functions is calculated by the spectral theorem : 15 
Correlation functions are shown by using (S"S")k and (S"S")~: 
We consider the Hamiltonian in the presence of an external magnetic field H' which is applied to the Z-direction of the Heisenberg antiferromagnet:
where f1B is the Bohr magneton and g the g-factor. The parallel susceptibility
x in the paramagnetic phase is shown by (21) Substituting Eqs. (18) and (19) into Eq. (21), we can easily obtain
where a trivial factor 2JZ[N(gi1BY]-1 is taken away. Using Eq. (22), Eqs. (14) and (15) are rewritten as
For x-1 ))Uk, Vk, the excitation energies w 2 (Uk) and w 2 (Vk) have the forms
where kt' = rc/ a-ki. Both of the excitation energies are unified:
This is in agreement with des Cloizeaux and Pearson's result except for the numerical factors. 16 l We define the Neel temperature as the point where the staggered susceptibility is infinite in the paramagnetic phase. If the external magnetic fields are applied to the Z-direction on l-sublattice and -Z-direction on m-sublattice, the Hamiltonian takes the form Co=! = ~ ~ (S'S')ic,
C1=~ :E·rk<s·s·>~,
where lJ! = cx- 
therefore, a becomes unity in the high-temperature limit.
We have, for the nearest neighbour correlation function,
The specific heat C H is obtained from Eq. (1) with Eq. (38):
The inverse of the parallel susceptibility is 
E=!-~ ~ <S'S')k=O,
where E, F and G are functions of a, C1, x-1 and {}, and use has been made of Eqs. (16) and (17) for <S'S')k and <S'S')t At the Neel temperature where x-l is 2a, function G (a, Cl, {}N) is changed to where <S'S')k and <S'S')~ are rewritten as
<S'S')~ =-2JZIC~I~ coth l_t1Nw (Uk);
here w (Uk) of Eq. (31) is used.
The temperature dependence of the decoupling parameter is shown in Fig.  1 . The correlation function C1 in Fig. 2 
The specific heat has a broad maximum in the linear and square lattices and 1s not infinite near eN in the simple cubic lattice in Fig. 3 .
The inverse of the parallel susceptibility is shown in Fig. 4 . In the simple cubic lattice, the Ni §el temperature is different from the temperature where the inverse susceptibility is minimum as pointed out by several authors. 11 l• 12 l In the square lattice, the inverse susceptibility· flattens after the passing of the minimum point. In the linear lattice, it varies complicatedly. 6 l In these lattices the mverse of the susceptibility has a finite value at zero temperature. In the simple cubic lattice the Neel temperature eN= 2.08 dose not coincide with the temperature of the minimum inverse susceptibility Bmin = 3.10. In the region of a very high temperature, the higher the temperature, the larger the inverse susceptibility. This behavior is due to the thermal motion of spins.
As the temperature approaches eN from the high-temperature side, the inverse susceptibility becomes larger owing to the existence of the two sublattices. That is, l-sublattice and m-sublattice whose preferred directions of ordering are Zdirection and -Z-direction, respectively. Thus, we have the minimum of the inverse susceptibility.
In the previous paper 8 l for the ferromagnet we had the Curie temperature They underestimate the short-range order.
In the linear and square lattices the inverse susceptibility has· a finite value at zero temperature. At zero temperature the correlation functions C1 = -0.139 and -0.103 for the linear and square lattices, respectively, satisfy Anderson's inequality. 14 l The specific heat in the linear and square lattices has a broad maximum and in the simple cubic lattice it has not an infinite but the maximum value at eN. From the behavior of specific heat in the simple cubic lattices, we consider that the short-range order is overestimated.
Appendix
From functions E, F and G in Eqs. ( 44) 
